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NEW RESULTS TOWARD THE CLASSIFICATION OF
BIHARMONIC SUBMANIFOLDS IN Sn
A. BALMUŞ, S. MONTALDO, AND C. ONICIUC
Abstract. We prove some new rigidity results for proper biharmonic immersions
in Sn of the following types: Dupin hypersurfaces; hypersurfaces, both compact
and non-compact, with bounded norm of the second fundamental form; hypersur-
faces satisfying intrinsic properties; PMC submanifolds; parallel submanifolds.
1. Introduction
Let ϕ : M → (N,h) be an immersion of a manifoldM into a Riemannian manifold
(N,h). We say that ϕ is biharmonic, or M is a biharmonic submanifold, if its mean
curvature vector field H satisfies the following equation
τ2(ϕ) = −m
(
∆H + traceRN (dϕ(·),H)dϕ(·)
)
= 0,(1.1)
where ∆ denotes the rough Laplacian on sections of the pull-back bundle ϕ−1(TN)
and RN denotes the curvature operator on (N,h). The section τ2(ϕ) is called the
bitension field.
When M is compact, the biharmonic condition arises from a variational problem
for maps: for an arbitrary smooth map ϕ : (M,g) → (N,h) we define
E2 (ϕ) =
1
2
∫
M
|τ(ϕ)|2 vg,
where τ(ϕ) = trace∇dϕ is the tension field. The functional E2 is called the bienergy
functional. When ϕ : (M,ϕ∗h) → (N,h) is an immersion, the tension field has the
expression τ(ϕ) = mH and (1.1) is equivalent to ϕ being a critical point of E2.
Obviously, any minimal immersion (H = 0) is biharmonic. The non-harmonic
biharmonic immersions are called proper biharmonic.
The study of proper biharmonic submanifolds is nowadays becoming a very active
subject and its popularity initiated with the challenging conjecture of B-Y. Chen
(see the recent book [12]): any biharmonic submanifold in the Euclidean space is
minimal.
Chen’s conjecture was generalized to: any biharmonic submanifold in a Riemann-
ian manifold with non-positive sectional curvature is minimal, but this was proved
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not to hold. Indeed, in [35], Y.-L. Ou and L. Tang constructed examples of proper bi-
harmonic hypersurfaces in a 5-dimensional space of non-constant negative sectional
curvature.
Yet, the conjecture is still open in its full generality for ambient spaces with con-
stant non-positive sectional curvature, although it was proved to be true in numerous
cases when additional geometric properties for the submanifolds were assumed (see,
for example, [5, 9, 15, 20, 21, 24]).
By way of contrast, as we shall detail in Section 2, there are several families of
examples of proper biharmonic submanifolds in the n-dimensional unit Euclidean
sphere Sn. For simplicity we shall denote these classes by B1, B2, B3 and B4.
The goal of this paper is to continue the study of proper biharmonic submanifolds
in Sn in order to achieve their classification. This program was initiated for the very
first time in [26] and then developed in [1] – [7], [9, 10, 29, 30, 33].
In the following, by a rigidity result for proper biharmonic submanifolds we mean:
find under what conditions a proper biharmonic submanifold in Sn is one of the main
examples B1, B2, B3 and B4.
We prove rigidity results for the following types of submanifolds in Sn: Dupin
hypersurfaces; hypersurfaces, both compact and non-compact, with bounded norm
of the second fundamental form; hypersurfaces satisfying intrinsic geometric prop-
erties; PMC submanifolds; parallel submanifolds.
Moreover, we include in this paper two results of J.H. Chen published in [17], in
Chinese. We give a complete proof of these results using the invariant formalism
and shortening the original proofs.
Conventions. Throughout this paper all manifolds, metrics, maps are assumed
to be smooth, i.e. C∞. All manifolds are assumed to be connected. The following
sign conventions are used
∆V = − trace∇2V , RN (X,Y ) = [∇X ,∇Y ]−∇[X,Y ],
where V ∈ C(ϕ−1(TN)) and X,Y ∈ C(TN). Moreover, the Ricci and scalar curva-
ture s are defined as
〈Ricci(X), Y 〉 = Ricci(X,Y ) = trace(Z → R(Z,X)Y )), s = traceRicci,
where X,Y,Z ∈ C(TN).
Acknowledgements. The authors would like to thank professor Jiaping Wang
for some helpful discussions and Juan Yang for the accurate translation of [17]. The
third author would like to thank the Department of Mathematics and Informatics
of the University of Cagliari for the warm hospitality.
2. Biharmonic immersions in Sn
The key ingredient in the study of biharmonic submanifolds is the splitting of the
bitension field with respect to its normal and tangent components. In the case when
the ambient space is the unit Euclidean sphere we have the following characteriza-
tion.
Theorem 2.1 ([16, 33]). An immersion ϕ : Mm → Sn is biharmonic if and only if
(2.1)


∆⊥H + traceB(·, AH ·)−mH = 0,
2 traceA
∇⊥
(·)
H(·) +
m
2
grad |H|2 = 0,
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where A denotes the Weingarten operator, B the second fundamental form, H the
mean curvature vector field, |H| the mean curvature function, ∇⊥ and ∆⊥ the con-
nection and the Laplacian in the normal bundle of ϕ, respectively.
In the codimension one case, denoting by A = Aη the shape operator with respect
to a (local) unit section η in the normal bundle and putting f = (traceA)/m, the
above result reduces to the following.
Corollary 2.2 ([33]). Let ϕ : Mm → Sm+1 be an orientable hypersurface. Then ϕ
is biharmonic if and only if
(2.2)


(i) ∆f = (m− |A|2)f,
(ii) A(grad f) = −m
2
f grad f.
A special class of immersions in Sn consists of the parallel mean curvature immer-
sions (PMC), that is immersions such that ∇⊥H = 0. For this class of immersions
Theorem 2.1 reads as follows.
Corollary 2.3 ([6]). Let ϕ : Mm → Sn be a PMC immersion. Then ϕ is biharmonic
if and only if
(2.3) traceB(AH(·), ·) = mH,
or equivalently,
(2.4)


〈AH , Aξ〉 = 0, ∀ξ ∈ C(NM)with ξ ⊥ H,
|AH |2 = m|H|2,
where NM denotes the normal bundle of M in Sn.
We now list the main examples of proper biharmonic immersions in Sn.
B1. The canonical inclusion of the small hypersphere
S
n−1(1/
√
2) =
{
(x, 1/
√
2) ∈ Rn+1 : x ∈ Rn, |x|2 = 1/2
}
⊂ Sn.
B2. The canonical inclusion of the standard (extrinsic) products of spheres
S
n1(1/
√
2)× Sn2(1/
√
2) =
{
(x, y) ∈ Rn1+1 × Rn2+1, |x|2 = |y|2 = 1/2
}
⊂ Sn,
n1 + n2 = n− 1 and n1 6= n2.
B3. The maps ϕ = ı ◦ φ : M → Sn, where φ : M → Sn−1(1/√2) is a minimal
immersion, and ı : Sn−1(1/
√
2)→ Sn denotes the canonical inclusion.
B4. The maps ϕ = ı ◦ (φ1 × φ2) : M1 ×M2 → Sn, where φi : Mmii → Sni(1/
√
2),
0 < mi ≤ ni, i = 1, 2, are minimal immersions, m1 6= m2, n1 + n2 = n− 1, and
ı : Sn1(1/
√
2)× Sn2(1/√2)→ Sn denotes the canonical inclusion.
Remark 2.4. (i) The proper biharmonic immersions of class B3 are pseudo-
umbilical, i.e. AH = |H|2 Id, have parallel mean curvature vector field and
mean curvature |H| = 1. Clearly, ∇AH = 0.
(ii) The proper biharmonic immersions of class B4 are no longer pseudo-umbilical,
but still have parallel mean curvature vector field and their mean curvature
is |H| = |m1 −m2|/m ∈ (0, 1), where m = m1 +m2. Moreover, ∇AH = 0
and the principal curvatures in the direction of H, i.e. the eigenvalues of
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AH , are constant on M and given by λ1 = . . . = λm1 = (m1 −m2)/m,
λm1+1 = . . . = λm1+m2 = −(m1 −m2)/m. Specific B4 examples were given
by W. Zhang in [42] and generalized in [4, 39].
When a biharmonic immersion has constant mean curvature (CMC) the following
bound for |H| holds.
Theorem 2.5 ([32]). Let ϕ : M → Sn be a CMC proper biharmonic immersion.
Then |H| ∈ (0, 1], and |H| = 1 if and only if ϕ induces a minimal immersion of M
into Sn−1(1/
√
2) ⊂ Sn, that is ϕ is B3.
3. Biharmonic hypersurfaces in spheres
The first case to look at is that of CMC proper biharmonic hypersurfaces in Sm+1.
Theorem 3.1 ([5, 6]). Let ϕ : Mm → Sm+1 be a CMC proper biharmonic hyper-
surface. Then
(i) |A|2 = m;
(ii) the scalar curvature s is constant and positive, s = m2(1 + |H|2)− 2m;
(iii) for m > 2, |H| ∈ (0, (m− 2)/m] ∪ {1}. Moreover, |H| = 1 if and only
if ϕ(M) is an open subset of the small hypersphere Sm(1/
√
2), and |H| =
(m− 2)/m if and only if ϕ(M) is an open subset of the standard product
S
m−1(1/
√
2)× S1(1/√2).
Remark 3.2. In the minimal case the condition |A|2 = m is exhaustive. In fact
a minimal hypersurface in Sm+1 with |A|2 = m is a minimal standard product of
spheres (see [19, 27]). We point out that the full classification of CMC hypersurfaces
in Sm+1 with |A|2 = m, therefore biharmonic, is not known.
Corollary 3.3. Let ϕ :Mm → Sm+1 be a complete proper biharmonic hypersurface.
(i) If |H| = 1, then ϕ(M) = Sm(1/√2) and ϕ is an embedding.
(ii) If |H| = (m− 2)/m, m > 2, then ϕ(M) = Sm−1(1/√2)× S1(1/√2) and the
universal cover of M is Sm−1(1/
√
2)× R.
As a direct consequence of [31, Theorem 2] we have the following result.
Theorem 3.4. Let ϕ : Mm → Sm+1 be a CMC proper biharmonic hypersurface.
Assume that M has non-negative sectional curvature. Then ϕ(M) is either an open
part of Sm(1/
√
2), or an open part of Sm1(1/
√
2) × Sm2(1/√2), m1 + m2 = m,
m1 6= m2.
In the following we shall no longer assume that the biharmonic hypersurfaces have
constant mean curvature, and we shall split our study in three cases. In Case 1 we
shall study the proper biharmonic hypersurfaces with respect to the number of their
distinct principal curvatures, in Case 2 we shall study them with respect to |A|2 and
|H|2, and in Case 3 the study will be done with respect to the sectional and Ricci
curvatures of the hypersurface.
3.1. Case 1. Obviously, if ϕ : Mm → Sm+1 is an umbilical proper biharmonic
hypersurface in Sm+1, then ϕ(M) is an open part of Sm(1/
√
2).
When the hypersurface has at most two or exactly three distinct principal curva-
tures everywhere we obtain the following rigidity results.
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Theorem 3.5 ([5]). Let ϕ : Mm → Sm+1 be a hypersurface. Assume that ϕ is proper
biharmonic with at most two distinct principal curvatures everywhere. Then ϕ is
CMC and ϕ(M) is either an open part of Sm(1/
√
2), or an open part of Sm1(1/
√
2)×
S
m2(1/
√
2), m1 + m2 = m, m1 6= m2. Moreover, if M is complete, then either
ϕ(M) = Sm(1/
√
2) and ϕ is an embedding, or ϕ(M) = Sm1(1/
√
2) × Sm2(1/√2),
m1 +m2 = m, m1 6= m2 and ϕ is an embedding when m1 ≥ 2 and m2 ≥ 2.
Theorem 3.6 ([5]). Let ϕ : Mm → Sm+1, m ≥ 3, be a proper biharmonic hyper-
surface. The following statements are equivalent:
(i) ϕ is quasi-umbilical,
(ii) ϕ is conformally flat,
(iii) ϕ(M) is an open part of Sm(1/
√
2) or of Sm−1(1/
√
2)× S1(1/√2).
It is well known that, if m ≥ 4, a hypersurface ϕ : Mm → Sm+1 is quasi-
umbilical if and only if it is conformally flat. From Theorem 3.6 we see that under
the biharmonicity hypothesis the equivalence remains true when m = 3.
Theorem 3.7 ([3]). There exist no compact CMC proper biharmonic hypersurfaces
ϕ : Mm → Sm+1 with three distinct principal curvatures everywhere.
In particular, in the low dimensional cases, Theorem 3.5, Theorem 3.7 and a result
of S. Chang (see [11]) imply the following.
Theorem 3.8 ([10, 3]). Let ϕ : Mm → Sm+1 be a proper biharmonic hypersurface.
(i) If m = 2, then ϕ(M) is an open part of S2(1/
√
2) ⊂ S3.
(ii) If m = 3 and M is compact, then ϕ is CMC and ϕ(M) = S3(1/
√
2) or
ϕ(M) = S2(1/
√
2)× S1(1/√2).
We recall that an orientable hypersurface ϕ : Mm → Sm+1 is said to be isopara-
metric if it has constant principal curvatures or, equivalently, the number ℓ of dis-
tinct principal curvatures k1 > k2 > · · · > kℓ is constant on M and the ki’s are
constant. The distinct principal curvatures have constant multiplicities m1, . . . ,mℓ,
m = m1 +m2 + . . .+mℓ.
In [25], T. Ichiyama, J.I. Inoguchi and H. Urakawa classified the proper bihar-
monic isoparametric hypersurfaces in spheres.
Theorem 3.9 ([25]). Let ϕ : Mm → Sm+1 be an orientable isoparametric hypersur-
face. If ϕ is proper biharmonic, then ϕ(M) is either an open part of Sm(1/
√
2), or
an open part of Sm1(1/
√
2)× Sm2(1/√2), m1 +m2 = m, m1 6= m2.
An orientable hypersurface ϕ : Mm → Sm+1 is said to be a proper Dupin hyper-
surface if the number ℓ of distinct principal curvatures is constant on M and each
principal curvature function is constant along its corresponding principal directions.
Theorem 3.10. Let ϕ : Mm → Sm+1 be an orientable proper Dupin hypersurface.
If ϕ is proper biharmonic, then ϕ is CMC.
Proof. As M is orientable, we fix η ∈ C(NM) and denote A = Aη and f =
(traceA)/m. Suppose that f is not constant. Then there exists an open subset
U ⊂ M such that grad f 6= 0 at every point of U . Since ϕ is proper biharmonic,
from (2.2) we get that −mf/2 is a principal curvature with principal direction grad f .
Since the hypersurface is proper Dupin, by definition, grad f(f) = 0, i.e. grad f = 0
on U , and we come to a contradiction. 
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Corollary 3.11. Let ϕ : Mm → Sm+1 be an orientable proper Dupin hypersurface
with ℓ ≤ 3. If ϕ is proper biharmonic, then ϕ(M) is either an open part of Sm(1/√2),
or an open part of Sm1(1/
√
2)× Sm2(1/√2), m1 +m2 = m, m1 6= m2.
Proof. Taking into account Theorem 3.5, we only have to prove that there exist no
proper biharmonic proper Dupin hypersurfaces with ℓ = 3. Indeed, by Theorem 3.10,
we conclude that ϕ is CMC. By a result in [1], ϕ is of type 1 or of type 2, in the sense
of B.-Y. Chen. If ϕ is of type 1, we must have ℓ = 1 and we get a contradiction. If
ϕ is of type 2, since ϕ is proper Dupin with ℓ = 3, from Theorem 9.11 in [14], we get
that ϕ is isoparametric. But, from Theorem 3.9, proper biharmonic isoparametric
hypersurfaces must have ℓ ≤ 2.

3.2. Case 2. The simplest result is the following.
Proposition 3.12. Let ϕ :Mm → Sm+1 be a compact hypersurface. Assume that ϕ
is proper biharmonic with nowhere zero mean curvature vector field and |A|2 ≤ m,
or |A|2 ≥ m. Then ϕ is CMC and |A|2 = m.
Proof. As H is nowhere zero, we can consider η = H/|H| a global unit section in
the normal bundle NM of M in Sm+1. Then, on M ,
∆f = (m− |A|2)f,
where f = (traceA)/m = |H|. Now, as m − |A|2 does not change sign, from the
maximum principle we get f = constant and |A|2 = m. 
In fact, Proposition 3.12 holds without the hypothesis “H nowhere zero”. In order
to prove this we shall consider the cases |A|2 ≥ m and |A|2 ≤ m, separately.
Proposition 3.13. Let ϕ : Mm → Sm+1 be a compact hypersurface. Assume that
ϕ is proper biharmonic and |A|2 ≥ m. Then ϕ is CMC and |A|2 = m.
Proof. Locally,
∆f = (m− |A|2)f,
where f = (traceA)/m, f2 = |H|2, and therefore
1
2
∆f2 = (m− |A|2)f2 − | grad f |2 ≤ 0.
As f2, |A|2 and | grad f |2 are well defined on the whole M , the formula holds on M .
From the maximum principle we get that |H| is constant and |A|2 = m. 
The case |A|2 ≤ m was solved by J.H. Chen in [17]. Here we include the proof for
two reasons. First, the original one is in Chinese and second, the formalism used by
J.H. Chen was local, while ours is globally invariant. Moreover, the proof we present
is slightly shorter.
Theorem 3.14 ([17]). Let ϕ : Mm → Sm+1 be a compact hypersurface in Sm+1. If
ϕ is proper biharmonic and |A|2 ≤ m, then ϕ is CMC and |A|2 = m.
Proof. We may assume thatM is orientable, since, otherwise, we consider the double
covering M˜ of M . This is compact, connected and orientable, and in the given
hypotheses ϕ˜ : M˜ → Sm+1 is proper biharmonic and |A˜|2 ≤ m. Moreover, ϕ˜(M˜) =
ϕ(M).
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As M is orientable, we fix a unit global section η ∈ C(NM) and denote A = Aη
and f = (traceA)/m. In the following we shall prove that
1
2
∆
(
| grad f |2 + m
2
8
f4 + f2
)
+
1
2
div(|A|2 grad f2) ≤
≤ 8(m− 1)
m(m+ 8)
(|A|2 −m)|A|2f2,(3.1)
on M, and this will lead to the conclusion.
From (2.2)(i) one easily gets
(3.2)
1
2
∆f2 = (m− |A|2)f2 − | grad f |2
and
(3.3)
1
4
∆f4 = (m− |A|2)f4 − 3f2| grad f |2.
From the Weitzenböck formula we have
(3.4)
1
2
∆| grad f |2 = −〈trace∇2 grad f, grad f〉 − |∇ grad f |2,
and, since
trace∇2 grad f = − grad(∆f) + Ricci(grad f),
we obtain
(3.5)
1
2
∆| grad f |2 = 〈grad∆f, grad f〉 − Ricci(grad f, grad f)− |∇ grad f |2.
Equations (2.2)(i) and (3.2) imply
〈grad∆f, grad f〉 = (m− |A|2)| grad f |2 − 1
2
〈grad |A|2, grad f2〉
= (m− |A|2)| grad f |2 − 1
2
(
div(|A|2 grad f2) + |A|2∆f2
)
= m| grad f |2 − 1
2
div(|A|2 grad f2)− |A|2(m− |A|2)f2.(3.6)
From the Gauss equation of M in Sm+1 we obtain
(3.7) Ricci(X,Y ) = (m− 1)〈X,Y 〉+ 〈A(X), Y 〉 traceA− 〈A(X), A(Y )〉,
for all X,Y ∈ C(TM), therefore, by using (2.2)(ii),
(3.8) Ricci(grad f, grad f) =
(
m− 1− 3m
2
4
f2
)
| grad f |2.
Now, by substituting (3.6) and (3.8) in (3.5) and using (3.2) and (3.3), one obtains
1
2
∆| grad f |2 =
(
1 +
3m2
4
f2
)
| grad f |2 − 1
2
div(|A|2 grad f2)
−|A|2(m− |A|2)f2 − |∇ grad f |2
= −1
2
∆f2 − m
2
16
∆f4 − (m− |A|2)
(
|A|2 − m
2
4
f2 − 1
)
f2
−1
2
div(|A|2 grad f2)− |∇ grad f |2.
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Hence
−12∆
(
| grad f |2 + m28 f4 + f2
)
− 12 div(|A|2 grad f2) =
= (m− |A|2)
(
|A|2 − m24 f2 − 1
)
f2 + |∇ grad f |2.(3.9)
We shall now verify that
(3.10) (m− |A|2)
(
|A|2 − m
2
4
f2 − 1
)
≥ (m− |A|2)
(
9
m+ 8
|A|2 − 1
)
,
at every point of M . Let us now fix a point p ∈M . We have two cases.
Case 1. If gradp f 6= 0, then e1 = (gradp f)/| gradp f | is a principal direction for A
with principal curvature λ1 = −mf(p)/2. By considering ek ∈ TpM , k = 2, . . . ,m,
such that {ei}mi=1 is an orthonormal basis in TpM and A(ek) = λkek, we get at p
|A|2 =
m∑
i=1
|A(ei)|2 = |A(e1)|2 +
m∑
k=2
|A(ek)|2 = m
2
4
f2 +
m∑
k=2
λ2k
≥ m
2
4
f2 +
1
m− 1
(
m∑
k=2
λk
)2
=
m2(m+ 8)
4(m− 1) f
2,(3.11)
thus inequality (3.10) holds at p.
Case 2. If gradp f = 0, then either there exists an open set U ⊂ M , p ∈ U , such
that grad f/U = 0, or p is a limit point for the set V = {q ∈M : gradq f 6= 0}.
In the first situation, we get that f is constant on U , and from a unique continuation
result for biharmonic maps (see [32]), this constant must be different from zero.
Equation (2.2)(i) implies |A|2 = m on U , and therefore inequality (3.10) holds at p.
In the second situation, by taking into account Case 1 and passing to the limit, we
conclude that inequality (3.10) holds at p.
In order to evaluate the term |∇ grad f |2 of equation (3.9), let us consider a local
orthonormal frame field {Ei}mi=1 on M . Then, also using (2.2)(i),
|∇ grad f |2 =
m∑
i,j=1
〈∇Ei grad f,Ej〉2 ≥
m∑
i=1
〈∇Ei grad f,Ei〉2
≥ 1
m
(
m∑
i=1
〈∇Ei grad f,Ei〉
)2
=
1
m
(∆f)2
=
1
m
(m− |A|2)2f2.(3.12)
In fact, (3.12) is a global formula.
Now, using (3.10) and (3.12) in (3.9), we obtain (3.1), and by integrating it, since
|A|2 ≤ m, we get
(3.13) (|A|2 −m)|A|2f2 = 0
on M . Suppose that there exists p ∈ M such that |A(p)|2 6= m. Then there exists
an open set U ⊂ M , p ∈ U , such that |A|2/U 6= m. Equation (3.13) implies that
|A|2f2/U = 0. Now, if there were a q ∈ U such that f(q) 6= 0, then A(q) would be
zero and, therefore, f(q) = 0. Thus f/U = 0 and, since M is proper biharmonic,
this is a contradiction. Thus |A|2 = m on M and ∆f = 0, i.e. f is constant and we
conclude. 
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Remark 3.15. It is worth pointing out that the statement of Theorem 3.14 is
similar in the minimal case: if ϕ : Mm → Sm+1 is a minimal hypersurface with
|A|2 ≤ m, then either |A| = 0 or |A|2 = m (see [38]). By way of contrast, an analog
of Proposition 3.13 is not true in the minimal case. In fact, it was proved in [36]
that if a minimal hypersurface ϕ :M3 → S4 has |A|2 > 3, then |A|2 ≥ 6.
Obviously, from Proposition 3.13 and Theorem 3.14 we get the following result.
Proposition 3.16. Let ϕ : Mm → Sm+1 be a compact hypersurface. If ϕ is proper
biharmonic and |A|2 is constant, then ϕ is CMC and |A|2 = m.
The next result is a direct consequence of Proposition 3.13.
Proposition 3.17. Let ϕ : Mm → Sm+1 be a compact hypersurface. If ϕ is proper
biharmonic and |H|2 ≥ 4(m− 1)/(m(m+ 8)), then ϕ is CMC. Moreover,
(i) if m ∈ {2, 3}, then ϕ(M) is a small hypersphere Sm(1/√2);
(ii) if m = 4, then ϕ(M) is a small hypersphere S4(1/
√
2) or a standard product
of spheres S3(1/
√
2)× S1(1/√2).
Proof. Taking into account (3.11), the hypotheses imply |A|2 ≥ m. 
For the non-compact case we obtain the following.
Proposition 3.18. Let ϕ : Mm → Sm+1, m > 2, be a non-compact hypersurface.
Assume that M is complete and has non-negative Ricci curvature. If ϕ is proper
biharmonic, |A|2 is constant and |A|2 ≥ m, then ϕ is CMC and |A|2 = m. In this
case |H|2 ≤ ((m− 2)/m)2.
Proof. We may assume that M is orientable (otherwise, we consider the double
covering M˜ of M , which is non-compact, connected, complete, orientable, proper
biharmonic and with non-negative Ricci curvature; the final result will remain un-
changed). We consider η to be a global unit section in the normal bundle NM of
M in Sm+1. Then, on M , we have
(3.14) ∆f = (m− |A|2)f,
where f = (traceA)/m, and
(3.15)
1
2
∆f2 = (m− |A|2)f2 − | grad f |2 ≤ 0.
On the other hand, as f2 = |H|2 ≤ |A|2/m is bounded, by the Omori-Yau Maximum
Principle (see, for example, [40]), there exists a sequence of points {pk}k∈N ⊂ M
such that
∆f2(pk) > −1
k
and lim
k→∞
f2(pk) = sup
M
f2.
It follows that lim
k→∞
∆f2(pk) = 0, so lim
k→∞
((m− |A|2)f2(pk)) = 0.
As lim
k→∞
f2(pk) = sup
M
f2 > 0, we get |A|2 = m. But from (3.14) follows that f is
a harmonic function on M . As f is also a bounded function on M , by a result of
Yau (see [40]), we deduce that f = constant. 
Corollary 3.19. Let ϕ : Mm → Sm+1 be a non-compact hypersurface. Assume that
M is complete and has non-negative Ricci curvature. If ϕ is proper biharmonic, |A|2
is constant and |H|2 ≥ 4(m− 1)/(m(m+ 8)), then ϕ is CMC and |A|2 = m. In this
case, m ≥ 4 and |H|2 ≤ ((m− 2)/m)2.
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Proposition 3.20. Let ϕ : Mm → Sm+1 be a non-compact hypersurface. Assume
that M is complete and has non-negative Ricci curvature. If ϕ is proper biharmonic,
|A|2 is constant, |A|2 ≤ m and H is nowhere zero, then ϕ is CMC and |A|2 = m.
Proof. As H is nowhere zero we consider η = H/|H| a global unit section in the
normal bundle. Then, on M ,
(3.16) ∆f = (m− |A|2)f,
where f = |H| > 0. As m − |A|2 ≥ 0 by a classical result (see, for example, [28,
pag. 2]) we conclude that m = |A|2 and therefore f is constant. 
3.3. Case 3. We first present another result of J.H. Chen in [17]. In order to do
that, we shall need the following lemma.
Lemma 3.21. Let ϕ : Mm → Sm+1 be an orientable hypersurface, η a unit section
in the normal bundle, and put Aη = A. Then
(i) (∇A)(·, ·) is symmetric,
(ii) 〈(∇A)(·, ·), ·〉 is totally symmetric,
(iii) trace(∇A)(·, ·) = m grad f .
Theorem 3.22 ([17]). Let ϕ : Mm → Sm+1 be a compact hypersurface. If ϕ is
proper biharmonic, M has non-negative sectional curvature and m ≤ 10, then ϕ is
CMC and ϕ(M) is either Sm(1/
√
2), or Sm1(1/
√
2) × Sm2(1/√2), m1 + m2 = m,
m1 6= m2.
Proof. For the same reasons as in Theorem 3.14 we include a detailed proof of
this result. We can assume that M is orientable (otherwise, as in the proof of
Theorem 3.14, we work with the oriented double covering of M). Fix a unit section
η ∈ C(NM) and put A = Aη and f = (traceA)/m.
We intend to prove that the following inequality holds on M ,
(3.17)
1
2
∆
(
|A|2 + m
2
2
f2
)
≤ 3m
2(m− 10)
4(m− 1) | grad f |
2 − 1
2
m∑
i,j=1
(λi − λj)2Rijij.
From the Weitzenböck formula we have
(3.18)
1
2
∆|A|2 = 〈∆A,A〉 − |∇A|2.
Let us first verify that
trace(∇2A)(X, ·, ·) = ∇X(trace∇A),(3.19)
for all X ∈ C(TM). Fix p ∈M and let {Ei}ni=1 be a local orthonormal frame field,
geodesic at p. Then, also using Lemma 3.21(i), we get at p,
trace(∇2A)(X, ·, ·) =
m∑
i=1
(∇2A)(X,Ei, Ei) =
m∑
i=1
(∇X∇A)(Ei, Ei)
=
m∑
i=1
{∇X∇A(Ei, Ei)− 2∇A(∇XEi, Ei)} =
m∑
i=1
∇X∇A(Ei, Ei)
= ∇X(trace∇A).
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Using Lemma 3.21, the Ricci commutation formula (see, for example, [8]) and (3.19),
we obtain
∆A(X) = −(trace∇2A)(X) = − trace(∇2A)(·, ·,X) = − trace(∇2A)(·,X, ·)
= − trace(∇2A)(X, ·, ·) − trace(RA)(·,X, ·)
= −∇X(trace∇A)− trace(RA)(·,X, ·)
= −m∇X grad f − trace(RA)(·,X, ·),(3.20)
where
RA(X,Y,Z) = R(X,Y )A(Z)−A(R(X,Y )Z), ∀X,Y,Z ∈ C(TM).
Also, using (2.2)(ii) and Lemma 3.21, we obtain
trace〈A(∇· grad f), ·〉 = trace〈∇·A(grad f)− (∇A)(·, grad f), ·〉
= −m
4
trace〈∇· grad f2, ·〉 − 〈trace(∇A), grad f〉
=
m
4
∆f2 −m| grad f |2.(3.21)
Using (3.20) and (3.21), we get
〈∆A,A〉 = trace〈∆A(·), A(·)〉
= −m trace〈∇· grad f,A(·)〉+ 〈T,A〉
= −m trace〈A(∇· grad f), ·〉+ 〈T,A〉
= m2| grad f |2 − m
2
4
∆f2 + 〈T,A〉,(3.22)
where T (X) = − trace(RA)(·,X, ·), X ∈ C(TM).
In the following we shall verify that
(3.23) |∇A|2 ≥ m
2(m+ 26)
4(m− 1) | grad f |
2,
at every point of M . Now, let us fix a point p ∈M .
If gradp f = 0, then (3.23) obviously holds at p.
If gradp f 6= 0, then on a neighborhood U ⊂ M of p we can consider an or-
thonormal frame field E1 = (grad f)/| grad f |, E2,. . . , Em, where Ek(f) = 0, for all
k = 2, . . . ,m. Using (2.2)(ii), we obtain on U
〈(∇A)(E1, E1), E1〉 = 1| grad f |3 (〈∇grad fA(grad f), grad f〉
−〈A(∇grad f grad f), grad f〉)
= −m
2
| grad f |.(3.24)
From here, using Lemma 3.21, we also have on U
m∑
k=2
〈(∇A)(Ek, Ek), E1〉 =
m∑
i=1
〈(∇A)(Ei, Ei), E1〉 − 〈(∇A)(E1, E1), E1〉
= 〈trace∇A,E1〉+ m
2
| grad f | = 3m
2
| grad f |.(3.25)
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Using (3.24) and (3.25), we have on U
|∇A|2 =
m∑
i,j=1
|(∇A)(Ei, Ej)|2 =
m∑
i,j,h=1
〈(∇A)(Ei, Ej), Eh〉2
≥ 〈(∇A)(E1, E1), E1〉2 + 3
m∑
k=2
〈(∇A)(Ek , Ek), E1〉2
≥ 〈(∇A)(E1, E1), E1〉2 + 3
m− 1
(
m∑
k=2
〈(∇A)(Ek, Ek), E1〉
)2
=
m2(m+ 26)
4(m− 1) | grad f |
2,(3.26)
thus (3.23) is verified, and (3.18) implies
(3.27)
1
2
∆
(
|A|2 + m
2
2
f2
)
≤ 3m
2(m− 10)
4(m− 1) | grad f |
2 + 〈T,A〉.
Fix p ∈ M and consider {ei}mi=1 to be an orthonormal basis of TpM , such that
A(ei) = λiei. Then, at p, we get
〈T,A〉 = −1
2
m∑
i,j=1
(λi − λj)2Rijij,
and then (3.27) becomes (3.17).
Now, since m ≤ 10 and M has non-negative sectional curvature, we obtain
∆
(
|A|2 + m
2
2
|H|2
)
≤ 0
on M . As M is compact, we have
∆
(
|A|2 + m
2
2
|H|2
)
= 0
on M , which implies
(3.28) (λi − λj)2Rijij = 0
on M . Fix p ∈ M . From the Gauss equation for ϕ, Rijij = 1 + λiλj , for all i 6= j,
and from (3.28) we obtain
(λi − λj)(1 + λiλj) = 0, i 6= j.
Let us now fix λ1. If there exists another principal curvature λj 6= λ1, j > 1, then
from the latter relation we get that λ1 6= 0 and λj = −1/λ1. Thus ϕ has at most two
distinct principal curvatures at p. Since p was arbitrarily fixed, we obtain that ϕ
has at most two distinct principal curvatures everywhere and we conclude by using
Theorem 3.5. 
Proposition 3.23. Let ϕ : Mm → Sm+1 , m ≥ 3, be a hypersurface. Assume that
M has non-negative sectional curvature and for all p ∈ M there exists Xp ∈ TpM ,
|Xp| = 1, such that Ricci(Xp,Xp) = 0. If ϕ is proper biharmonic, then ϕ(M) is an
open part of Sm−1(1/
√
2)× S1(1/√2).
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Proof. Let p ∈M be an arbitrarily fixed point, and {ei}mi=1 an orthonormal basis in
TpM such that A(ei) = λiei. For i 6= j, using (3.7), we have that Ricci(ei, ej) = 0.
Therefore, {ei}mi=1 is also a basis of eigenvectors for the Ricci curvature. Now, if
Ricci(ei, ei) > 0 for all i = 1, . . . m, then Ricci(X,X) > 0 for all X ∈ TpM \ {0}.
Thus there must exist i0 such that Ricci(ei0 , ei0) = 0. Assume that Ricci(e1, e1) = 0.
From 0 = Ricci(e1, e1) =
∑m
j=2R1j1j =
∑m
j=2K1j and since K1j ≥ 0 for all j ≥ 2,
we conclude that K1j = 0 for all j ≥ 2, that is 1 + λ1λj = 0 for all j ≥ 2. The
latter implies that λ1 6= 0 and λj = −1/λ1 for all j ≥ 2. Thus M has two distinct
principal curvatures everywhere, one of them of multiplicity one. 
Remark 3.24. If ϕ : Mm → Sm+1, m ≥ 3, is a compact hypersurface, then the
conclusion of Proposition 3.23 holds replacing the hypothesis on the Ricci curvature
with the requirement that the first fundamental group is infinite. In fact, the full
classification of compact hypersurfaces in Sm+1 with non-negative sectional curva-
ture and infinite first fundamental group was given in [18].
4. PMC biharmonic immersions in Sn
In this section we list some of the most important known results on PMC bihar-
monic submanifolds in spheres and we prove some new ones. In order to do that we
first need the following lemma.
Lemma 4.1. Let ϕ : Mm → Nn be an immersion. Then |AH |2 ≤ |H|2|B|2 on M .
Moreover, |AH |2 = |H|2|B|2 at p ∈ M if and only if either H(p) = 0, or the first
normal of ϕ at p is spanned by H(p).
Proof. Let p ∈ M . If |H(p)| = 0, then the conclusion is obvious. Consider now the
case when |H(p)| 6= 0, let ηp = H(p)/|H(p)| ∈ NpM and let {ei}mi=1 be a basis in
TpM . Then, at p,
|AH |2 =
m∑
i,j=1
〈AH(ei), ej〉2 =
m∑
i,j=1
〈B(ei, ej),H〉2 = |H|2
m∑
i,j=1
〈B(ei, ej), ηp〉2
≤ |H|2|B|2.
In this case equality holds if and only if
m∑
i,j=1
〈B(ei, ej), ηp〉2 = |B|2, i.e.
〈B(ei, ej), ξp〉 = 0, ∀ ξp ∈ NpM with ξp ⊥ H(p).
This is equivalent to the first normal at p being spanned by H(p) and we conclude.

Using the above lemma we can prove the following lower bound for the norm of
the second fundamental form.
Proposition 4.2. Let ϕ : Mm → Sn be a PMC proper biharmonic immersion.
Then m ≤ |B|2 and equality holds if and only if ϕ induces a CMC proper biharmonic
immersion of M into a totally geodesic sphere Sm+1 ⊂ Sn.
Proof. By Corollary 2.3 we have |AH |2 = m|H|2 and, by using Lemma 4.1, we obtain
m ≤ |B|2.
Since H is parallel and nowhere zero, equality holds if and only if the first normal
is spanned by H, and we can apply the codimension reduction result of J. Erbacher
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([22]) to obtain the existence of a totally geodesic sphere Sm+1 ⊂ Sn, such that ϕ is
an immersion of M into Sm+1. Since ϕ : Mm → Sn is PMC proper biharmonic, the
restriction Mm → Sm+1 is CMC proper biharmonic. 
Remark 4.3. (i) Let ϕ = ı ◦ φ : M → Sn be a proper biharmonic immersion
of class B3. Then m ≤ |B|2 and equality holds if and only if the induced φ
is totally geodesic.
(ii) Let ϕ = ı ◦ (φ1 × φ2) :M1 ×M2 → Sn be a proper biharmonic immersion of
class B4. Then m ≤ |B|2 and equality holds if and only if both φ1 and φ2
are totally geodesic.
The above remark suggests to look for PMC proper biharmonic immersions with
|H| = 1 and |B|2 = m.
Corollary 4.4. Let ϕ : Mm → Sn be a PMC proper biharmonic immersion. Then
|H| = 1 and |B|2 = m if and only if ϕ(M) is an open part of Sm(1/√2) ⊂ Sm+1 ⊂
S
n.
The case when M is a surface is more rigid. Using the classification of PMC
surfaces in Sn given by S.-T. Yau [41], and [5, Corollary 5.5], we obtain the following
result.
Theorem 4.5 ([5]). Let ϕ : M2 → Sn be a PMC proper biharmonic surface. Then
ϕ induces a minimal immersion of M into a small hypersphere Sn−1(1/
√
2) ⊂ Sn.
Remark 4.6. If n = 4 in Theorem 4.5, then the same conclusion holds under the
weakened assumption that the surface is CMC as it was shown in [7].
In the higher dimensional case we have the following bounds for the value of the
mean curvature of a PMC proper biharmonic immersion.
Theorem 4.7 ([6]). Let ϕ : Mm → Sn be a PMC proper biharmonic immersion.
Assume that m > 2 and |H| ∈ (0, 1). Then |H| ∈ (0, (m − 2)/m], and |H| =
(m− 2)/m if and only if locally ϕ(M) is an open part of a standard product
M1 × S1(1/
√
2) ⊂ Sn,
where M1 is a minimal embedded submanifold of S
n−2(1/
√
2). Moreover, if M is
complete, then the above decomposition of ϕ(M) holds globally, where M1 is a com-
plete minimal submanifold of Sn−2(1/
√
2).
Remark 4.8. The same result of Theorem 4.7 was proved, independently, in [39].
If we assume that M is compact and |B| is bounded we obtain the following
theorem.
Theorem 4.9. Let ϕ :Mm → Sm+d be a compact PMC proper biharmonic immer-
sion with m ≥ 2, d ≥ 2 and
m < |B|2 ≤ m d− 1
2d− 3
(
1 +
3d− 4
d− 1 |H|
2 − m− 2√
m− 1 |H|
√
1− |H|2
)
.
(i) If m = 2, then |H| = 1, and either d = 2, |B|2 = 6, ϕ(M2) = S1(1/2) ×
S
1(1/2) ⊂ S3(1/√2) or d = 3, |B|2 = 14/3, ϕ(M2) is the Veronese minimal
surface in S3(1/
√
2).
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(ii) If m > 2, then |H| = 1, d = 2, |B|2 = 3m and
ϕ(Mm) = Sm1
(√
m1/(2m)
)
× Sm2
(√
m2/(2m)
)
⊂ Sm+1(1/
√
2),
where m1 +m2 = m, m1 ≥ 1 and m2 ≥ 1.
Proof. The result follows from the classification of compact PMC immersions with
bounded |B|2 given in Theorem 1.6 of [37]. 
Theorem 4.10 ([6]). Let ϕ : Mm → Sn be a PMC proper biharmonic immersion
with ∇AH = 0. Assume that |H| ∈ (0, (m− 2)/m). Then, m > 4 and, locally,
ϕ(M) =Mm11 ×Mm22 ⊂ Sn1(1/
√
2)× Sn2(1/
√
2) ⊂ Sn,
where Mi is a minimal embedded submanifold of S
ni(1/
√
2), mi ≥ 2, i = 1, 2,
m1 + m2 = m, m1 6= m2, n1 + n2 = n − 1. In this case |H| = |m1 −m2|/m.
Moreover, if M is complete, then the above decomposition of ϕ(M) holds globally,
where Mi is a complete minimal submanifold of S
ni(1/
√
2), i = 1, 2.
Corollary 4.11. Let ϕ : Mm → Sn, m ∈ {3, 4}, be a PMC proper biharmonic
immersion with ∇AH = 0. Then |H| ∈ {(m− 2)/m, 1}. Moreover, if |H| =
(m− 2)/m, then locally ϕ(M) is an open part of a standard product
M1 × S1(1/
√
2) ⊂ Sn,
where M1 is a minimal embedded submanifold of S
n−2(1/
√
2), and if |H| = 1, then
ϕ induces a minimal immersion of M into Sn−1(1/
√
2).
We should note that there exist examples of proper biharmonic submanifolds of
S
5 and S7 which are not PMC but with ∇AH = 0 (see [34] and [23]).
5. Parallel biharmonic immersions in Sn
An immersed submanifold is said to be parallel if its second fundamental form B
is parallel, that is ∇⊥B = 0.
In the following we give the classification for proper biharmonic parallel immersed
surfaces in Sn.
Theorem 5.1. Let ϕ : M2 → Sn be a parallel surface in Sn. If ϕ is proper bi-
harmonic, then the codimension can be reduced to 3 and ϕ(M) is an open part of
either
(i) a totally umbilical sphere S2(1/
√
2) lying in a totally geodesic S3 ⊂ S5, or
(ii) the minimal flat torus S1(1/2)× S1(1/2) ⊂ S3(1/√2); ϕ(M) lies in a totally
geodesic S4 ⊂ S5, or
(iii) the minimal Veronese surface in S4(1/
√
2) ⊂ S5.
Proof. The proof relies on the fact that parallel submanifolds in Sn are classified in
the following three categories (see, for example, [13]):
(a) a totally umbilical sphere S2(r) lying in a totally geodesic S3 ⊂ Sn;
(b) a flat torus lying in a totally geodesic S4 ⊂ Sn defined by
(0, . . . , 0, a cos u, a sin u, b cos v, b sin v,
√
1− a2 − b2), a2 + b2 ≤ 1;
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(c) a surface of positive constant curvature lying in a totally geodesic S5 ⊂ Sn
defined by
r
(
0, . . . , 0,
vw√
3
,
uw√
3
,
uv√
3
,
u2 − v2
2
√
3
,
u2 + v2 − 2w2
6
,
√
1− r2
r
)
,
with u2 + v2 + w2 = 3 and 0 < r ≤ 1.
In case (a) the biharmonicity implies directly (i). Requiring the immersion in (b)
to be biharmonic and using [5, Corollary 5.5] we get that
√
a2 + b2 = 1/2 and then
(ii) follows. The immersion in (c) induces a minimal immersion of the surface in the
hypersphere S4(r) ⊂ S5. Then, applying [10, Theorem 3.5], the immersion in (c)
reduces to that in (iii). 
In all three cases of Theorem 5.1, ϕ is of type B3 and thus its mean curvature is
1. In the higher dimensional case we know, from Theorem 2.5, that if |H| = 1, then
ϕ is of type B3. Moreover, if we assume that ϕ is also parallel, then the induced
minimal immersion in Sn−1(1/
√
2) is parallel as well.
If ∇⊥B = 0, then ∇⊥H = 0 and ∇AH = 0. Therefore Theorem 4.7 and Theo-
rem 4.10 hold also for parallel proper biharmonic immersions in Sn. From this and
Theorem 5.1, in order to classify all parallel proper biharmonic immersions in Sn,
we are left with the case when m > 2 and |H| ∈ (0, 1).
Theorem 5.2. Let ϕ : Mm → Sn be a parallel proper biharmonic immersion.
Assume that m > 2 and |H| ∈ (0, 1). Then |H| ∈ (0, (m − 2)/m]. Moreover:
(i) |H| = (m− 2)/m if and only if locally ϕ(M) is an open part of a standard
product
M1 × S1(1/
√
2) ⊂ Sn,
where M1 is a parallel minimal embedded submanifold of S
n−2(1/
√
2);
(ii) |H| ∈ (0, (m− 2)/m) if and only if m > 4 and, locally,
ϕ(M) =Mm11 ×Mm22 ⊂ Sn1(1/
√
2)× Sn2(1/
√
2) ⊂ Sn,
where Mi is a parallel minimal embedded submanifold of S
ni(1/
√
2), mi ≥ 2,
i = 1, 2, m1 +m2 = m, m1 6= m2, n1 + n2 = n− 1.
Proof. We only have to prove thatMi is a parallel minimal submanifold of S
ni(1/
√
2),
mi ≥ 2. For this, denote by Bi the second fundamental form of Mi in Sni(1/
√
2),
i = 1, 2. If B denotes the second fundamental form ofM1×M2 in Sn, it is easy to ver-
ify, using the expression of the second fundamental form of Sn1(1/
√
2)× Sn2(1/√2)
in Sn, that
(∇⊥(X1,X2)B)((Y1, Y2), (Z1, Z2)) = ((∇⊥X1B1)(Y1, Z1), (∇⊥X2B2)(Y2, Z2)),
for all X1, Y1, Z1 ∈ C(TM1), X2, Y2, Z2 ∈ C(TM2). Consequently, M1 × M2 is
parallel in Sn if and only if Mi is parallel in S
ni(1/
√
2), i = 1, 2. 
6. Open problems
We list some open problems and conjectures that seem to be natural.
Conjecture 1. The only proper biharmonic hypersurfaces in Sm+1 are the open
parts of hyperspheres Sm(1/
√
2) or of the standard products of spheres Sm1(1/
√
2)×
Sm2(1/
√
2), m1 +m2 = m, m1 6= m2.
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Taking into account the results presented in this paper, we have a series of state-
ments equivalent to Conjecture 1:
1. A proper biharmonic hypersurface in Sm+1 has at most two principal curva-
tures everywhere.
2. A proper biharmonic hypersurface in Sm+1 is parallel.
3. A proper biharmonic hypersurface in Sm+1 is CMC and has non-negative
sectional curvature.
4. A proper biharmonic hypersurface in Sm+1 is isoparametric.
One can also state the following intermediate conjecture.
Conjecture 2. The proper biharmonic hypersurfaces in Sm+1 are CMC.
Related to PMC immersions and, in particular, to Theorem 4.10, we propose the
following problem.
Problem 1. Find a PMC proper biharmonic immersion ϕ : Mm → Sn such that
AH is not parallel.
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